We propose event by event velocity fluctuations of nuclear fission fragments as an additional interesting observable that gives access to the nuclear temperature in an independent way from spectral measurements and relates the diffusion and friction coefficients for the relative fragment coordinate in Kramer-like models (in which some aspects of fission can be understood as the diffusion of a collective variable through a potential barrier). We point out that neutron emission by the heavy fragments can be treated in effective theory if corrections to the velocity distribution are needed.
I. INTRODUCTION
This brief report is concerned with a typical fission experiment in which two fragments are detected long after their scission and are later detected, having possibly emitted one or few neutrons along the way. We suggest that existing experiments track the event by event velocity fluctuations (or velocity variance) defined by
Fission is a complex mechanism, and involves "intrinsic" degrees of freedom (individual or few-nucleon excitations in the fissioning nucleus) and collective degrees of freedom, such as the relative coordinate between the center of mass of the two major fragments r. The exchange of energy between these two types of degrees of freedom can be conveniently treated as a dissipative system (random walk on the r variable) and can be quantified by the dissipation coefficient γ that will appear later in Eq. (2) .
A picture of the process of historic interest is provided by the liquid drop model [1, 2] , followed shortly thereafter by the work of Kramers [3] who introduced a Langevin equation for the diffusion of the fission coordinate through a potential barrier. The O(200) MeV Coulomb barrier itself produces a large acceleration of the fission fragments, but this is a conservative V (r) potential that produces a predictable velocity increase, unlike the stochastic forces that affect the fragments just before fission.
Within this conceptual framework, that has triggered theoretical work on and off for decades (e.g. [4] ), a salient concept is the Fluctuation-Dissipation Theorem (FDT). This is a relation between the attenuation of the motion of the interfragment r coordinate (induced for example by an incoming neutron) and the random fluctuations of the fragment velocities. A related quantity, the variance of the kinetic energy, was extensively studied in the past [5] Also studied in the past were fluctuations of the velocity as function of the mass number A [6] . This is distinct from the event by event velocity fluctuations that we propose.
We will consider these fluctuations with the threedimensional Langevin approach and obtain a standard relation in statistical physics, this time between the coefficients of dissipation and diffusion (to our knowledge, this one so far unexplored). Alternatively, the FDT can be used to obtain a relation between nuclear temperature and the velocity fluctuations, which is a possible different way of assessing nuclear temperature T in the parent nucleus before fission.
II. THREE-DIMENSIONAL LANGEVIN EQUATION AND VELOCITY FLUCTUATIONS
The three-dimensional Langevin equation (LE) [7] for v i =ṙ i ≡ dri dt , with r i the components of the relative coordinate between the fragments, can be given as
There, µ is the reduced mass of the two nuclear fragments; γ ij is the friction tensor, whose coefficients are the dissipation coefficients; R i (t) is a stochastic force that we take normalized to Gaussian white noise, satisfying
where the ergodic hypothesis serves to compute the time average A of any quantity A as the average value over an ensemble. The intensity of the stochastic force, g ij , appearing in the FDT, is controlled by the D ij diffusion tensor,
Finally, F i (r i ) (the external force in Langevin's theory) is here a conservative force due to the potential barrier, V , that we take as time independent, F i (r i ) = −∂ i V . We work with the force equation per unit mass by dividing Eq. (2) by µ, yieldinġ
where the dynamical quantities are now defined per unit mass
(6) Due to the random force (the impulses caused by individual nucleons or few-nucleon clusters on the two separating fragments, the velocity derived from the relative coordinate fluctuates, and its fluctuations σ 2 v defined in Eq. (1) are our major focuse in this work.
These velocity fluctuations are, by fluctuationdissipation relation (a manifestation of the FDT), proportional to a ratio of the diffusion tensor defined in Eq. (4) to the friction tensor of Eq. (2),
Its derivation is technical but standard and we relegate it to appendix A. In the one-dimensional case one simply has
A key remark is that in Eq. (7) the contributions of the large barrier force F i have cancelled. This means that, even there being a large energy given to the fragments by the Coulomb barrier, this does not manifest itself in their velocity fluctuations, that are purely due to other stochastic processes.
A. Assessing nuclear temperature from σv Excited nuclei can be assigned an approximate temperature controlling the occupancy of the various energy levels. This requires them to be in a state of equilibrium or nearly so, and it is evidenced for example in fits to gamma radiation or neutron spectra [8] that follow a Maxwell distribution
Eq. (7) above is a particular expression of the Fluctuation-Dissipation theorem relating the system response to an external perturbation to the fluctuations in thermal equilibrium, and Einstein's relation applies [9] ,
If we employ Eq. (10) in Eq. (7), we obtain
so the velocity fluctuations provide a method to obtain the nuclear temperature that is alternative to Eq. (10).
Moreover, Eq. (11) allows an estimate of the order of magnitude of the velocity fluctuations, so we get an idea of what precision in fragment velocity measurements is necessary to access intrinsic (as opposed to detection or instrumental) nuclear fluctuations.
Let us take as simple example the two-fragment asymmetric fission of 252 Cf, with temperature about ∼ 1.4MeV. Setting e.g.
If the index i = 1, ..., N swipes all collisions of an experimental run, i
We can propagate the error of the experimental measurement
The term 2 v∆v dominates and must not overwhelm the experimental signal, so we need to request from experiment that 2 v∆v < 2.5 × 10 −5 (13) where, again, the average is taken over many collisions and v∆v is the projection of the error over the actual velocity, so we express it more conveniently as an error in the fragment's kinetic energy T KE = · 55 GeV ∼ 0.7 MeV. As the typical kinetic energy is in the range 50 − 100 MeV,
it is enough to achieve a precision of 0.5% in measuring fragment kinetic energy to access the intrinsic fluctuations.
B. Quantum fluctuations
Inasmuch as the nucleus is not excessively hot, we near a degenerate-fermion system, and quantum fluctuations may be a concern, with a velocity variance σ v appearing even for near
One can define [11] an effective quantum-fluctuation pseudotemperature
µ but it is perhaps clearer to use the quantum formulae directly. For a quantum oscillator H = 
one obtains
and from
finally
that in the T → 0 limit reduces to
Since this oscillator is centered at 0, Eq. (19) is directly (σ 2 v ) q which is thus interpreted in terms of its spring constant. The quantum versus classical nature of the fluctuations can be separated from experimental data by comparing the two temperature dependences in Eq. (11) (the classical expression) and Eq. (18) (the quantum expression). It would be interesting to experimentally see in this particular observable the onset of the quantum regime at low temperature (in practice one would use the nuclear excitation energy as a proxy for the temperature, along the lines of T = 8MeV × E/A ). Obviously, fluctuations of the velocity remain at very low temperature and they might be extracted.
III. EXTRACTION OF THE DIFFUSION COEFFICIENT
Equation (8) above is a simple gauge to measure the diffusion coefficient given knowledge of the dissipation one, that has to be known from other sources.
A possible way to measure the later is through a hydrodynamic fit to fission, path followed e.g. by some GANIL experiments [12] . There, a 208 Pb beam collides with liquid Hydrogen so proton-induced fission of lead results. Fokker-Planck simulations of the nuclei are run for different values of the reduced dissipation coefficient (β in that work, corresponding to our γ * ). The fitted value is within the expected nuclear scale, γ * = 4. 
With our typical estimate for σ v 2 in Eq. (12) we can then quote
What we advocate here is to use Eq. (8) together with a measurement of σ 2 v and separate experimental extraction of the dissipation coefficient γ for a given fragment reduced mass µ, to finally yield the diffusion coefficient D. Note that this is the momentum space diffusion coefficient, with the position space coefficient being related to it by Fokker-Planck theory (see the appendix of [13] ), that yields D x = T 2 D . Fokker-Planck theory also relates these coefficients to the scattering rate of the fragmentfragment relative particle with the medium nucleons, so their dynamical content can be eventually related to more fundamental quantities.
In the next section we proceed to address the fragment velocity since it is the main element that our new observable calls for.
IV. FRAGMENT VELOCITY
The typical average velocity of the fragments can be estimated from the available energy and mass-fragment distribution. Experimental determination of the nuclear mass is so accurate that the effect of ∆M is negligible against the uncertainty in the measurement of the kinetic energy ∆ T KE , such that
Bertsch et al. [14] , collect data for thermal-neutron induced 235 U, and 239 Pu fission, and spontaneous 252 Cf fission that we can use as an example. Fig. 1 shows those asymmetric mass distributions. With a crude, illustrative fragment-mass estimate for M =Zm p + A −Z m n − 8MeVA and nonrelativistic kinematics
(where T KE is the fragment's average kinetic energy, that turns out to be 170.5 ± 0.5 for 235 U (n th ,f ), 177.9 ± 0.5 for 239 Pu (n th ,f ) and 184.1 ± 1.3 for 252 Cf in spontaneous fission). This is confirmed by the direct measurements [15] of the energy distribution of the fission fragments, such as shown in figure 2 . The average energy for all fragments is in this case 156 MeV, with modal peaks for light and heavy fragments at about 93.5 and 61.6 MeV respectively.
Exemplifying with 239 Pu + n −→ Zr + Cs,
Comparing them with equation (14), we find that contemporary experimental measurements are more than sufficiently precise so as to extract σ v 2 . For example, [16] provides a number of new observables and particularly measurements of fission 
A. Neutron emission does not alter velocity distributions
We have consistently discussed velocity as opposed to momentum distributions, and in this subsection we clarify why. The reason is that all quantities are measured at asymptotically large times at detectors, but one would like to know the fluctuations at the instant of fission. However, the fragments often lose energy in fly, saliently by neutron emission. These neutrons are indeed emitted with average number 2.48 for 233 U , 2.42 for 235 U and 2.86 for 239 P u, and (as well as any other radiation), alter the momentum distribution.
But fragment velocities v i = p/M i barely change. Moreover, an effective theory can be formulated, analogous to Heavy Quark Effective Field Theory [17] with the nuclear fragment playing the role of the heavy quark, and the emitted neutron or other radiation, that of light quarks and gluons.
We exemplify the ideas with two spinless fragment φ 1 and φ 2 fission, followed by emission of two neutrons [21], but generalization is immediate.
A simple Lagrangian density L = L free +L int reflecting the neutron emission can be taken as
The free Lagrangian provides the Klein-Gordon equation for each fragment. The interacting one has a part stemming from the interfragment potential, which is related to the acceleration, a piece related to the production of neutrons with spins σ and τ and further terms that do not impact our arguments. The field φ † 2 refers to the second fragment after emitting the two neutrons (the first fragment does not evaporate any nucleons in this example). The stochastic force of Eq. (2) does not appear in the Lagrangian density of Eq. (24) because it describes the situation after scission. Those interactions are therefore free of dissipation.
The fields φ i (y), (i = 1, 2) and n(x) may be expanded in their normal modes
As the nuclear fragments are the heavy degrees of freedom, we may ignore the antiparticle terms, suppressed by
Near the scission point, only the two fragments are present with momenta k and −k. After Coulomb-induced separation and neutron emission (double, in this example), total momentum is composed of the fragments k 1 and k 2 , and of the neutron k 3 and k 4 momenta. Thus, the initial (before neutron emission) |i and final |f states may be written as
The matrix element for the two-neutron emission does not depend on the interfragment potential V ,
The Feynman diagrams associated to Eq. (29) are the one shown in figure 3 and another with the two identical neutrons exchanged.
Operating in Eq. (29),
we recognize typical nn spin-zero emission. This heavyfragment effective theory offers a systematic way of classifying 1/M suppressed corrections, but for our leadingorder argument all we need is to track the kinematics, contained in the conservation δs, 
Converting to velocities with
as fragment masses are of O(GeV) and neutron momentum O(MeV), we see that the velocity of the nuclear fragments in the initial state is not changed by the radiation. Therefore, the recoil velocity at the instant of scission is directly measured in the final state up to E/M correc-
. The example Lagrangian above does not include other possible dynamical terms such as the diagram in fig. (4) involving prompt emission simultaneous to fission, nor radiation with intermediate spin 1/2 nuclei, etc.; but no specific dynamics can change the simple kinematic counting, and thus we believe the velocities are measurable to an error of order 10 −4 . In the end, the error in the measurement of σ 2 v induced by the emission of neutrons with joint momentum k is
This equation means that for given, fixed k, the fluctuations are not affected at order 1/M . Thus, ∆σ 
V. DISCUSSION
Past work on fluctuations in fission focused very much on kinetic energy fluctuations. We have pointed out that actually velocity fluctuations carry very direct information about what was the situation at the scission point because any radiation (for example, in the form of neutrons) carries energy and momentum away from the nuclear fragments, but it barely alters their velocity, which is therefore a "relic" of earlier fission stages. In principle one can construct specific Heavy Fragment Effective Theories for reactions of most interest, though this will be labor intensive as many channels with different spins would need to be described. Nevertheless, we find this is a tool to organize thought and expose the validity of the classical leading order that ignores 1/M corrections.
Our prediction of the independence of the velocity fluctuations σ v from neutron evaporation is testable by looking at the difference of same-Z velocity with varying A, which recent experiments [16] show as possible by identifying the neutron excess in each fragment. The techniques in that work allow the reconstruction of the velocities at scission.
As for the experimental extraction of the σ v variance, one just needs to recall that time averages are of course, thanks to the ergodic hypothesis, obtained from event averaging, for example
In fact, even before the experimental extraction of the event-by-event fluctuations, a Montecarlo extraction might be useful to further characterize what elements of the theoretical description of the fission process affect these fluctuations. There are groups that are in a situation to attempt such a simulation [18] . As a curiosity, we mention that the Lorentz-invariant operator for two-neutron emission n c σ n τ in Eq. (29) is familiar from neutron-antineutron oscillation theory [19, 20] . There of course, the operator is used by itself and the Hamiltonian violates baryon number conservation in two units, here, as appropriate for strong-interaction theory, baryon number is compensated by φ † 2 φ 2 (the two fields representing different isotopes) and thus conserved in the process.
We now obtain Eq. (7) . For this, we will formally solve Eq. (5) 
We calculate its average value, taking into account that the stochastic force l i satisfies Eq. (3) in the second term and noting that the average of a constant is that same constant in the first one, to obtain
We next obtain v (t) 2 by left-multiplying Eq. (A2) with its transpose,
Following a similar procedure from Eq. (A1) we can then calculate v 2 (t) 
Employing now the definition of l i (t) in Eq. (6), standard properties of Kronecker's delta, and equations (3) and (4), we can write down l k (t ) l m (t ) = 1 µ 2 g kl g mn R k (t ) R m (t ) = 2 µ 2 g kl g mn δ ln δ (t − t ) = 2 µ 2 g kl g ml δ (t − t ) = 2 µ 2 D km δ (t − t ) .
We can substitute then Eqs. (A6) and (A7) in Eq. (A5) and solve the last integral with the help of δ (t − t ), 
Taking the large time limit t −→ ∞ in Eq. (A9), and undoing the change of variables of Eq. (6), we obtain the fluctuation-dissipation relation quoted in the main text, Eq. (7).
